Fall 2020 MATH3060 HW1 Solution

TA: LEE, Yat Long Luca

Email: yllee@math.cuhk.edu.hk

Office: Room 711 AB1 (Temporary), Room 505 AB1 (Until further notice)

Office Hour: Send me an email first, then we will arrange a meeting (if you need it).

Remark: Please let me know if there are typos or mistakes.

Question 1

Each of the following functions are defined on [—m,7]. Sketch the 27-periodic extension, find

the corresponding Fourier expansion, and discuss the pointwise convergence.

(&) fulz) = x, .if x € [0, ]
0, if x € [-7,0)
(b) folx) = —1, if x € [0, 7]

+1, if x € [-7,0)

(c) fa(x) =e"

Solution:

z, if x € [0, 7]
0, if z € [-7,0)

(a) fi(z) =

Sketch! of the 2r-extension:

v

-3n

O Qeesssnnnnnnnnn

-in4

Remark: Those labels are mw, not n.

!Sketched by using https://www.mathcha.io/editor
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Fourier expansion:

1 4 1 ™ T
a = o _Wf1($) x +27T/0 vdr =7
1 1 ™ 1 -1 1" —1
an = — fl(x)cosnxdm:—/ rcosnr dr = — <COS(m;> > = ( ) 5
T™J_r T Jo U n ™
1 ™ 1 ™ 1 1 _ -1 n+1
b, = — fi(x)sinnz dx = —/ rsinnr = — (Sm(mr) ZW COS(mT)) — (=1)
T™J)_r T Jo T n n

0 n+1

[e.e]
E cos nx) + E ———— sin(nw)
n=1

=1

Pointwise convergence:

For x € (—m,0): |fi(z) — fi(y)| =0 < |z —y| for all y € (—m,0);

For x € (0,7): |fi(x) — fi(y)| = |z — y| for all y € (0,7);

For z = 0: [fi(z) = fily)] = [/1(y)] < |y = [z —y| (since 0 < [y]) for all y € (=7, )
Then f; is Lipschitz continuous at every = € (—m, 7).

By Theorem 1.5, the partial sum sequence {5, fi(z)} converges to fi(z) pointwisely for
each z € (—m, ).

By observation, we see fi(nt) = hrn fi(z) = 0and fi(7~) = lim fi(z) = m. Then
.T_>7r T—rT
check:
Pick 6 = 7, then
Ifi(z) = filzD)|=0< |z —n|forall z, 0 <x—7 < §
and
lfilm™) = fi(zx)|=|mr—z|forallz, 0 < T —2 < §

Then S, fi(7) — m/2 as n — oo. Similarly, S, fi(—7) — 7/2 as n — oo.
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-1, if x € [0, 7]
+1, if z € [-m,0)

(b) fa(z) =

Sketch of the 2m-extension:

34
21
C 1 f) O
-2n o - : .
ry 1e H
24
Fourier expansion:
1 e
o or ) . f2(1') x
1 s
an = — fo(z) cosnz dz =0
1 [T 9 (_1) 1
by, = fQ(CU)Sinn:L‘d:E:fL
. . n

hence

Pointwise convergence:

For z € (—m,0), we have |fa(x) — fa(y)| =0 < |z — y| for all y € (—m,0);
For x € (0,7), we have |fa(z) — fa(y)| =0 < |z — y| for all y € (0, 7);

Then f5 is Lipschitz continuous at z € (—m,0) U (0,7) (as f2 is not continuous at 0, then

f2 is not Lipschitz continuous at 0)

By Theorem 1.5, the partial sum sequence {S, fa(x)} converges to fa(z) pointwisely for
each x € (—m,0) U (0, ).

By observation, fo(rt) = lim fo(x) =1, fo(r™) = lim fo(x)
z—nt =TT

—1. Pick § = m, then

we have |fo(z)— fo(rT)| =0 < |z—mn|forallz, 0 < x—7 < 6; |fo(z)— fo(r7)| =0 < |z—m|
for all z, 0 < 7 — 2z < 4. So, by theorem 1.6 S,, fo(7) — 0 as n — oo. Similarly, S, fo(—7)
and Sy, f2(0) both converges to 0 as n — oo.

O
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(©) fa(z) =e

Sketch of the 2m-extension:

Fourier expansion:

where

Next, for convenience, we apply

/e‘”” cos(bzx) dx = filﬂe‘” cos(bz) + PR e sin(bx) + C
then
1 ™
an = — e” cos(nz) dx

™ —T
1 1 T

== [1 g e” cos(nzx) + #em sin(m:)] B
1 1 1

= - [ se" cos(nm) — T2 e " cos(mr)]
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Similarly, we apply

b
/e“x sin(bx) dz = %We‘” sin(bx) — me‘” cos(bx) + C

then
1 ™
by, = —/ e’ sin(nx) dx
™ —T
1 1 T
= - [1 i e’ sin(nz) — #ex cos(nx)] -
1
= - [— T3 e™ cos(nm) + mefﬁ cos(—mr)}
_ n(=1)"*"! 2sinh(n)
B T 1+ n?

hence, its Fourier expansion is given by

sin};(ﬂ') N 2 Sil;}l(ﬂ) Z(_l)ncos(n:vi jrzsln(nx)

fa(x) =€* ~

n=1

Pointwise convergence:
For any = € (—m, ), we have, by mean value theorem, that |e” — e¥| = ™|z — y| for some
xo € (z,y), then |e* —e¥| < ™|z —y|, for any y € (—m, 7). Thus, it is Lipschitz continuous

at any x € (—m, 7).

By Theorem 1.5, Sy, f3(z) — f3(x) for all z € (—m, 7).

By observation, f3(77) = lim e* =e ™ and f3(7~) = lim e” = e”. Similar calculation
ot T
tells us o
Sy f(m) — % — cosh(r)

as n — oo. Similar for S, f(—m) — sinh(7) as n — co.
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Question 2

Show that the function f(x) = |z|*, x € [—m, 7| is not Lipschitz continuous at z = 0 for any
0<a<l.

Solution:

We argue by contradiction?.

Suppose f(x) = |z| is Lipschitz continuous at = 0, then by definition, there exists L > 0
and 6 > 0 such that |f(z) — f(0)] = ||z|* — [0|]*] = |z|* < L|z| for all = € [a,b] and |z| < .
Following the definition, we have |2|*~! < L. But § can be made arbitrarily small, thus, as
§ — 0%, we have x — 0 and |z|*~! — oo, since —1 < @ — 1 < 0. Then we have co < L, which
is impossible. Hence, f is not Lipschitz continuous at = = 0.

O

Question 3

Consider the function f(z) = x on (0,2n] and its 27-periodic extension f(z) = f(x — 2km) for
x € (2km,2(k + 1)x], for all k € Z. Sketch f, find its Fourier series, and discuss the pointwise
convergence. Finally, if the Fourier series converges at the point = 0, what value does it limit

to? (Compare with f(x) =z on [—m,7]).
Solution:

Sketch of f:

v

%You can also prove it directly.
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Fourier series of f:

0 T
agp = (/ a:+27rd$+/ l’dl‘)zﬂ'
—T 0

|-

I "
a, = — </ (x + 2m) cos(nz) dx —|—/ x cos(nx) dx) =0
™ \J_» 0
1[0 : S 2
b, = — / (x + 27m) sin(nz) dz + / xsin(nz)dr | = ——
7 \J_, 0 n

thus its Fourier series is given by

sin(nx)

flay~m=3

n=1

S|

Pointwise convergence:

On (0,27), we know that |f(z) — f(y)| = |z — y| for all y € (0,27). Thus f is Lipschitz
continuous at any = € (0,27). By Theorem 1.5, we have S, f(z) — f(z) as n — oo for any
x € (0,2m).

Consider x = 0. f(07) =0 and f(07) = 27. Pick § = 7 and consider 0 < z < §, we have
|[f(@) = f(0)| = |z — 0]
and for —§ < x < 0, we have
|f(z+2m) — f(07)| = |z + 27 — 27| = |z — 0|

hence by theorem 1.6,
Spf(0) =7

as n — o0.

Comparison:

Refer to Prof Wan’s hand written lecture notes: Lecture 2 and Lecture 3


https://www.math.cuhk.edu.hk/course_builder/2021/math3060/M3060(20-21)200911.pdf
https://www.math.cuhk.edu.hk/course_builder/2021/math3060/M3060(20-21)200916.pdf
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Question 4

Consider the function f(x) = sin(2z) on (0, 7] and extend to an even function f;(z) on [—7, 7],

then further extend f; to a 2m-periodic function fl as usual. Sketch fl. Show that

oo

~ 8 1
fi(z) ~ - kzzo Ik 12 cos((2k + 1)x).

Discuss the pointwise and uniform convergence. (Compare with sin(2x) on [—7, 7]).
Solution:

Sketch of flz

-1,W5ﬁ 0 OWSH
14

Fourier series:

1 0 us
ap = — (/ —sin(2z) do + +/ sin(2:c)> =0
2m - 0

1/ [° T 4((-1)" 41
an = — (/7T — sin(2z) cos(nx) dx + +/0 sin(2z) cos(nx)) = %
1 0 s
b, = — (/ —sin(2x) sin(nz) dz + +/ sin(2x) sin(nx)) =0
T - 0
note that for n = 2k, we have (—1)2**1 = —1 implies ag, = 0 for all k¥ € N. Thus, we are left
with
8
a =
T 2k 4 1)2
thus,

- 8 =
;254 %H > cos((2k + 1)z)

Pointwise Convergence:

f(z) satisfies the Lipschitz condition on R:
|sin(2x) —sin(2y)| =,y € (2kn, (2k + 1)7]
[f(x) = f(y)l = = 2| cos(2xo) |z — y| < 2[x —y|
|sin(2y) —sin(2z)| =,y € ((2k + 1), 2kn]

for all k € Z and for some zy € (z,y) by mean value theorem. Thus f is Lipschitz on R.



Fall 2020 MATH3060 HW1 Solution

By theorem 1.5, S, f converges to f as n — oo pointwisely on [—7, 7], and by theorem 1.7,

Snf converges uniformly to f on R.

Comparison:
The "2m-periodic expansion" of f(x) = sin(2x) on [—m, 7] is f(x) itself defined on R. So the
only coefficient of its Fourier series is be = 7, in other words, its Fourier series is exactly sin(2x).

O



